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Abstract

Aim of this paper is to we will obtain the new interesting results on basis of the present research work with the help K -
Gamma and K -Beta functions. We will derive the results related to K -Beta function associated with several variables

including K -Gamma function. Applying multiple integral, we will obtain the results like Dirichlet’s theorem for multiple
integral.
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Introduction T, (z+nk)

. . (@) = (6)
In 2007, R. Diaz at al. have introduced the following Fk(z)
Pochhammer Kk -symbol and k -Gamma function™?.

a(a+k)a+ 2).....(a+ (1—1K) L) _fee*vac acr -
(a)n,k = 1 ; " 0
a

n>1k>0

K1 M 1(ak)=k*'r(a); aeR ®)
For k>0,2€C andRe(z)> 0, the k -Gamma function is r (2 (k-z)= ” ©)
defined as k sin(ﬂz)

k

k

T (z)= ! x* e kdx @ I (2z)= \/Ezzklrk (z)l“k(z + gj (10)
T

Equation (2) we can write as Thek -Beta function Bk (m, n) for two variable M and N is

} defined by***

(3) m
k

sz
I =k T| — L
(@) (k Bk(m,n):%jxk "(L-x)idx;Re(m) >0,
0

Many researchers have discovered some properties of K - Re(n)>0, (11)
Gamma function®®

Equation (11) in term of Gamma function is given by

I (z+k)=12I(2) ()

Rk)=1: 0 ® Bk(m,n):%ik(n”));Re(m)>o,Re(n)>o )
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Main results of K-Beta function associated with several —_ (T L, (0, P (T, )P (T, )
variables P
Let 1=(I,1,,15,..1,)eC" I, #{0,-1,-2,..,n>2 then  B,(1,.1,)8,(1,.1,)B,(I,,1,)...B, (I, I,) gzzT’h[Zlijrk[Zli +g]
Beta function associated with N variables is defined by - o
LTLTI I Bk(|1,|2,|3,....,|3) 2’2%” li:llrkli
rLrLri,..r - n
B(I): B(Il’|2’|31...|n): 1 2 3 n (13) Bk(ll,|2)Bk(|2,|3)Bk(|3,|4)..,,Bk(|n,|1) Fk[ZIi"'Kj
O, + 1, + 1. +1) =2

Which is required prove of equation (16)

If putn = 2, then (13) will be classical Beta function®**
P (13 Theorem-2:  Forl =(I1,|2,|3...In)eC”,|i ;é{O,—l,—Z,..},
et 1=(I,1,,15,..1,)eC"I, #{0,-1,-2,..},n>2 and N=2and k >0 then equation (1.11) associated with N

. . . . . . variables has properties
k >0 then equation (11) associated with N variable is defined

by Rehman et al.? ;
HI

(7)
T, |1) ( )Fk(|3)....F (I ) B (k 1y, k=1 k41, kg k=l 4k k=1, )= ki“r HHcosec( j
Tl +1, + 1 +1,)

Bk(l): Bk(ll’|2’|3""ln)
B, (rk + 1y, rk =1, rk+1,, rk =1, rk + L, rk =L ...tk +1, rk 1))

Theorem-1: Letl =(I,,1,,1,..1 )eC",I, #{0,-1-2,....},

L
N> 2andk > 0 the equation (11) has properties : | 4 a;
i — cosec| —
]I;L[( I)r,k rk ]I;[ I’k (18)
(15) - 2nr-1
B [r, e LULN0) k> 'T(2nr)
Bk(I1+I2,I2+I3,I3+I1):m\g2 LA )

l"k[l1 +1, +1, +gj
Proof

B (K+1, k=1, k+1,, k=1, k+l,,k=1,,...1 +k,k-1)

n :Fk(k+I1)Fk(k_Il)rk(k+|2)rk(k_l2) -------- Fk(k+|n)rk(k_|n)
B, (|1v Izvlgv-'-'ln) \/Ezfé(l,+|2+|3....+|")+l l;Irk (Ii) (16) 1—‘k (an)
)k (

8,018, 1,18, (s 1.)--B0,. (RTE—

— AR (Il)rk (k — I1)Fk (Iz)rk (k — Iz) ---- L (In )Fk (k — In)
Proof k?"r(2n)
(i) Using equation (14) in L.H.S of equation (15)

L+ )0, + 1) (1, +1,) =ik 7 7 T -

ri (Zlfll i 0 i Isk]) k***T(2n) ksin(ﬂl?] ksm[%} ksm(ﬂli j ksin[ k"}

i (rk(|1))z(lrkl(JIZ))Z(rk(Ig))2 i[ THcosec( ]
B, (1,.1,)8, (1,.1,)B, (, |)\f T (|1+|2+|3)rk(|1+|2+|3+§j k*™r(2n i1

B (I.,1;.15) \/22’2%” L ()0 (0,)r () Hence equation (17) has been proved
k

- Bk('l'IZ)Bk (IZYIS)BK (IS‘II) Fk[ll +|2 |3 +Ej
2 B, (kr+1,,kr=1,kr+1,,kr+1,kr—I,....|_+rk,kr—1 )
Which is completes the proof of equation (15)
B, 1 11, 1)< T WL LT ) )i )0 G ) D (e 1, ) 1)
L2+, +1,..41) T, (2rnk)

B (I, +1,,1, +1,,1, +1,) =
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00 00),, (10), 1), T )0 bk =10, ()5 (rk 1) (1,0, (rk—1,) - Where the region of integration V will be given by

k*™T(2rn)

) () l)y 2 i 7 x

= T
K F(2rn) rksm[’ZI ]rks‘.lr{;Zi )rksm i rksin ﬂ
rk rk rk rk

(100, 7| TToosec %)

A
- k2™(2nr)

Hence equation (18) has been proved

Dirichlet’s theorem

Re(l,)>0,Re(l,) > 0,Re(l,) > 0and
k > 0 then equation (11) has property

Theorem-3: Let

J] X?A %7 7 e dXdde _ k|1+'§+|3+3 I (|1)Fk(|2)rk (IS) (19)
(1, +1, +1,+k)

Where V denotes the closed region by the bounded plane
x=0,y=0,z=0,x+y+x<k

Proof
by by by
I__U Xk yk zk dxdydz
k k—=x k—=x-y I1 I, I3

J'J' J'xk vy« 2% dxdydz

1o+l

k
= hJ.Xrl(k —X) -
0

kB, (I, 1, +k)dx

k2 L+l,+15 1 I1 1+,
=I—Bk(I2,I3+k)k ‘ juk (1-u) * du

3 0

=£kll+lli+l3+3

I
_ k%ﬁ Ty (Il)rk (Iz)rk (I3)
L (I, +1,+1, +k)

B, (I,,1, +1, +k)B,(I,,1, +k)

Which is required the result

Thus generalized form of this theorem for more than three
variables wiII be given as
. Wbty
"Xn? 1[:1)(1(1)(2“_(1)(n =k 1y (l )F (l )Fk(ls)'“rk(ln) (20)
L, +1, +1 4. 1K)

|17 b
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X 20,X, 20,X, 20,.....X, 20And
X + X, + X+ + X, <K

Corollary: For Re(m) > 0,Re(n) >0andk <0 then

h'z

Ly by I
[[x"y  dy =2 a'p szk(I—l,l—2+kj 21)
) 21, 22

Where S is taken over the positive quadrant of ellipse
2 2

X y
_2+_=

ﬁz

Conclusion

We will derive the results related to K -Beta function associated

with several variables including K -Gamma function. Applying
multiple integral, we will obtain the results like Dirichlet’s
theorem for multiple integral.

References

1. Diaz, R., & Teruel, C. (2005). g, k-Generalized gamma and
beta functions. Journal of Nonlinear Mathematical Physics,
12(1), 118-134.

2. Diaz, R, & Pariguan, E. (2004). On hypergeometric
functions and Pochhammer $ k $-symbol. arXiv preprint
math/0405596.

3. Rehman, A., Mubeen, S., Safdar, R., & Sadig, N. (2015).
Properties of k-beta function with several variables. Open
Mathematics, 13(1), 000010151520150030.

C. G. & Krasnigi, V. (2013). Some
properties of the k-gamma function. Le Matematiche, 68(1),
13-22.

5. Kokologiannaki, C. G. (2010). Properties and inequalities

4. Kokologiannaki,

of generalized k-gamma, beta and zeta functions. Int. J.
Contemp. Math. Sci, 5(14), 653-660.

6. Bapna, |. B., & Prajapat, R. S. (2020). Some Applications
of Extension k-Gamma, k-Beta Functions and k-Beta
Distribution. Journal of Ramanujan Society of Mathematics
and Mathematical Sciences, 7(02), 83-98.



Research Journal of Mathematical and Statistical Sciences
Vol. 12(1), 1-4, January (2024)

7.

ISSN 2320-6047

Mubeen, S., Rehman, A., & Shaheen, F. (2014). Properties
of k-gamma, k-beta and k-psi functions. Bothalia Journal,
4, 371-379.

W. S. (2016). Some properties of k-gamma and k-beta
functions. In ITM Web of Conferences, Vol. 7, 07003. EDP
Sciences.

Prajapat, R. S. & Bapna, I. B. (2023). Some Properties of k-
RIEMANN-Liouville Fractional Integral Operator. Journal

International Science Community Association

10.

11.

Res. J. Mathematical and Statistical Sci.

of Ramanujan Society of Mathematics & Mathematical
Sciences, 10(2).

Mathai, A. M., & Haubold, H. J. (2008). Special functions
for applied scientists. Vol. 4. New York: Springer.

Carlson B. C. (1997).
mathematics. Academic Press, New York.

Special function of applied



